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A mathematical model for the transmission dynamics of Chikungunya fever, caused by
the infected mosquito feeding on the susceptible human is proposed and analyzed. The
model takes into account the effect of environmental factors in the model. The
modeling process, assumed that the growth rate of mosquito population is increate due

to environment discharges caused by human population relates factors. The disease free
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equilibrium and endemic equilibrium state are determined and stabilities are analyzed.
Basic reproductive number is found by the next generation matrix and the spectral
radius. The results show that if the growth rate of the mosquito population caused by
the environmental factors increase, the spread of Chikungunya fever increases.
Numerical simulations are also carried out to investigate the influence of certain

parameters on the spread of disease, to support the analytic results of the model.
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INTRODUCTION

Chikungunya fever is an arboviral disease
transmitted to human by biting of Aedes aegypti
mosquitoes and Aedes albopictus mosquitoes. The
Chikungunya virus (CHIKV) is a member of the
genus alphavirus and the Togavivirus family
(Pioloux et al 2007). The symptoms of this disease
are a high fever, extreme joint paints, and an
irritating skin rash. Symptoms are very similar to
dengue fever but there is no leakage of plasma out of
blood vessel (Massad et al 2008). This disease is
self- limiting and rarely fatal (Hochedez et al, 2006).
There is no vaccine, infected human can be treated
by drugs related symptom. In Asia, Chikungunya
fever is occurred in many countries; Philippines
(1954,1956 and 1968), India(1964), Sri Lanka(1969),
Vietnam(1975), Indonesia (1973 and 1982) and
Thailand(1958 and 2008) (Medlock, et al 2006).
There are 2 billion people living in Aedes- infested
areas.(WHO,2006)

Mathematical models have become an important
tool for understanding the spread and control of
disease. Misra and Mishra (2012) proposed
mathematical model for Chikungunya fever with the
effects of control measures have been taken into
account in the model. It found that the disease free

equilibrium point is locally asymptotically stable
when control reproductive number R, <1land
unstable when R.>1. It have also found that the
endemic equilibrium point is locally asymptotically
stable when R.>1. Domont, Chiroleu and Domerg
(2008) formulated a mathematical model for human
and mosquito population for Chikungunya fever by
SEIR model and found the stability conditions for
disease free and endemic states. Naowarat et al
(2011) proposed a model of Chikungunya
transmission in which adulticide was used as an
intervention tool to control the spread and found the
conditions for disease free and endemic states.

Model formulation:
In our model, we assume that the human
population is constant denote by N,. The human

population is divided into three compartments; the
susceptible human (S,), the infected human (1,)and
the recovered human (R,) ; the mosquito population
is divides into two compartments ,the susceptible
mosquito (S,) ,the infected mosquito (I,) and the

environmental factors denoted by E. As shown in
Fig. 1
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Fig. 1: Flow chart of the dynamical transmission of Chikungunya fever.

We defined,

S_h is the number of susceptible human population at
time t

I_h is the number of infected human population at
time t

ﬁh is the number of recovered human population at
time t

S_m is the number of susceptible mosquito
population at time t

I_m is the number of infected mosquito population at
time t

E is the cumulative density of environmental
discharges conducive to the growth of mosquito
population at time t;

The transmission model will be a system of
ordinary differential equations given by,

ds

—k = 4N, - B,1,S5,— 145,

dt 1)
dr o _
= BIS, - (-“h + }'k)]k

dt 2
@&, - -
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” Pt — Hptty, 3)
s, _ W"‘L] _ L] _BS.1,- 7,5, + &S,

dt L 4
L 55T,y Q +aEl,

dt (5)
dE _
— - K+ HNk - QBE

dt (6)

where

/1h is the birth rate of human population,

My, is the natural death rate of human population and
death induced the disease,

B is the probability that virus transmitted from
3.

infected mosquito to susceptible
human population,

B, is the probability that virus transmitted from
infected human to susceptible

mosquito population

Vi is the

population
¥ is the growth rate of mosquitoes population

recovery rate of infected human

Vo is the natural death rate and control measure of
mosquito population

L is the carrying capacity of mosquito population in
the natural
environment;

O is the per capita growth rate coefficients of
mosquito population due to
conductive environmental discharge,

K is the cumulative density of environmental
discharge grows due to constant influx rate,

6 is the cumulative density of environmental
discharge grows due to human activities,

0, is the depletion rate coefficient of the
environmental discharges.

Model analysis:

Equilibrium Points:

1. Disease free equilibrium point (E, ): there are no
infected human and infected mosquito , that is

.1, =0,1, =0 . Substituting this in equations (1)-(6),
we obtained

E,(S,.1,,1 ,E) = (1, 0,0, %J.

0
2. Endemic equilibrium point (E,):
I, #0,1,#0, we

In case
obtained



21 Sumalee Srichan and Surapol Naowarat, 2015
Australian Journal of Basic and Applied Sciences, 9(13) Special 2015, Pages: 19-25

El(Sh*, Ih*’ |m*, E*) = ﬂ’h* , j“thIBmIm _ , |m*’ % where
ﬂmNmIm +:uh (:uh+7h)(leNm|m +1uh) 90
AN BB, NG — 1, (”h +Vh)[Yo _S(k +96Nh )]

m

kK+6ON, )|
}‘hNhBthNm + BmNm (“h + Vh )[YO _S(Th ]
0
Basic Reproductive number:
We obtained a basic reproductive number (9{0) by using the next generation matrix (van den Driessche and

Watmough,2002). Rearrange the equation (7),(8),(9),(10) in matrix form

X F(x)-v(x)

i
0 HpSy — Ay
F)= 1 ﬁr Tlm_ln;Shﬁ - V)= (Mlh +—y€:é|lh
h Nk m) Yolm m
0 0,E-K-6N,
Find the Jacobian of F(X) and V(X) , denoted by DF (X): F and DV (X) =V, we obtained
0 0 0 0 w, 0 0 0
Fo BruNp 0 B NSy 0 = 0 Hy+y, O 0
0 BN, (1-1,) -BN,I, 0 0 0 v,-0E =8l
0 0 0 0 o 0 0 6
Find F andV at E, = (1, 0,0, %]
We obtained 0
0 0 0 0
|0 0 BN 0
0 BN, 0 0
0 0 0 0
L, 0 0 0
V = 0 Hiy +7n 0 O}
0 0 Vo — OE 0
0 0 0 0,
Find FV ™
0 0 0 0
0 0 PN, 0
Fv= 7o~
0 & 0 0
Hn 7
10 0 0 0]

Find spectral radius of FV ™ denoted by p(FV ‘1)
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-1 0 0 0
O _i ﬂmNm 0
p(FV_l)z 7o —0E
O ﬂhNh —ﬂ, 0
My + 7
0 0 0 -1
We obtained

R = \/ BB NuNy,
’ (/‘h+7h)(7o_5E)

Local stability:
The local stability of an equilibrium point is determined from the Jacobian matrix of the system of ordinary
differential equation ()-() evaluated at the equilibrium point. The Jacobian matrix at E is
My 0 —BuNn, 0
0 - (Mh TVh ) BmNp 0
0 BN, ~(v,—8E) 0
0 0 0 -0,

Jy =

The eigenvalues of the J, are obtained by solving ‘J —M‘ =0. We obtained the characteristic equation,
(=0, —2) (-, —1) (A +AL+B) =0
where

A= +y, +y,—E
B:<,Uh +7/h)(7/0 _dz)_ﬂhﬂmNmNh

From the characteristic equation, We see that two are A =-6, <0,A=—n, <0. The other two

eigenvalues are solution of A%+ A\l +B. The roots of this equation will be negative if two coefficients
satisfied with the Routh-Hurwitz criteria.

1) A>0
2) B>0.

Endemic equilibrium point:
To determine the stability of the endemic equilibrium point, E, by examining the eigenvalues of Jacobian
matrix at E;, which is

~(BuNuly + 1) 0 ~BuNnS, 0
1= BNl _(“h +Yh) BrNmS, 0
0 BhNh(Nm_Im) _(BhNh|h+Yo_6E) ol
0 0 0 -0,
A =-0,and A*+CA°+CA+C, = 0

Where
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1 = ﬁmNmIm*+uh U, Ty +ﬁhNh|h*+YO —oE
2 = (BmNmIm*"‘Hh)(Hh +7n +BuNp by + 7o _SE)
+ (Hh +Yh)(BhNh|h*+Yo —oE )_BhNthNmSh*(l_ Im*)
(BmNmIm* + U, )(Mh + Y )(BhNhIh* +Y —OE )_BhNthNmSh* (BmNmIm* + Uy )(1_ Im*)

* * 2 *
+ BhNhSh Im (BmNm) (1_Im )
The three eigenvalues of A° +C1k2 +C,A+C; = 0 will be negative real part if they satisfy the Routh-
Hurwitz criteria.

C
C

CS

1) C,>0,
2) C,>0,
3y CC,>C,.

Numerical results:
We solved the system of ordinary differential equations. The numerical results showed that the numerical
results obtained from simulation are presented in the following fig.2 and 3.

Stability of the disease free state:
From the values of parameters in Table 1, we obtained the eigenvalues and basic reproductive number are:
A, =—0.0001,A, =—0.000042,%, = — 0.012576,1, = — 8.74747,R, = 0.950222,R, = 0.974793<1.
Since all of eigenvalues are to be negative and the basic reproductive is to be less than one,the disease free
equilibrium point will be local asymptotically stable, as shown in Fig. 2

(@) (®)
B Environmenttal Effects (E) we Time (T)
(e) @

Fig. 2 Time series of (a) Susceptible human (Sh), (b) Infected human (1,), (c) Infected mosquito(1,), (d)
Environment (E). The values of parameters are in the text and R,<1. We see that the solutions
converge to the disease free state E,(1,0,0,40000), where N, =10000 , N_ =7000, p,=0.000042,
B, =0.0003, B,=0.0001,y, =85, y=06, v,=03, L=1000, 5=0.000001,K =2 ,6=0.0002,
6, =0.0001.

Stability of the endemic state:

We changed the values of k=27 and keep the values of the other values of parameters to be those given in
Table 1, we obtained the eigenvalues and basic reproductive number are:

A, =—0.0001, A, =—0.010058,A, = — 8.58004,), = —0.000989,R, = 24.7058,R, = 4.97049>1.

Since all of eigenvalues are to be negative and the basic reproductive is to be greater than one, the endemic



24 Sumalee Srichan and Surapol Naowarat, 2015

Australian Journal of Basic and Applied Sciences, 9(13) Special 2015, Pages: 19-25

equilibrium point will be local asymptotically stable, as shown in Fig. 3
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Fig. 3: Time series of (a) Susceptible human (Sh), (b) Infected human (1,), (c) Infected mosquito (1), (d)
Environment (E). The values of parameters are in the text and R,>1. We see that the solutions
converge to the disease free state E,(0.040496,0.000005,0.000474,290000), where N, =10000 |,

N, =7000, p,=0.000042, B, =0.0003,

Discussion:
In our finding, there exist a disease free
equilibrium state. We shows that if R, <1 , then the

disease free equilibrium point is local asymptotically
stable, that is the disease will died out from the
community. We also showed that an endemic
equilibrium state exist when R, >1, then the endemic
equilibrium point is local asymptotically stable, that
is the disease will occur in the community. We
obtained the basic reproductive number through the
use of spectral radius of the next generation matrix .

The basic reproductive is %, =,[R,, where

RO:M . Our numerical simulations
(Hh +Yh)(Y0 _8E)

demonstrated that %R, will be increase when the k
increase. We found the value of
R, =0.974793, 2.02919, 4.97049

whenk =2, 22, 27 respectively. It seen that the
infected human will increase when the increase of
factor of environmental with support for mosquitoes
populations (Naresh and Pandey, 2009).

B, =0.0001,y, =85,
5=0.000001, K = 27,0=0.0002, 6, =0.0001.

y=06, y,=03, L=1000,
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